On the other hand let V be any representation of G. then the restriction of V to the subgroup H is denoted by V\ H or simply V H .
The following theorems were proved by Mackey. Let JHi and H 2 be closed subgroups of G. We shall say that Hi and H 2 are discretely related if there exists a subset of G whose complement has Haar measure zero and which is itself the union of countably many JHi: H 2 double cosets. THEOREM 1.3 (Theorem 7.1 of [5] Let SOϊ be a separable locally compact space and let μ be a finite measure on 9ft. Let r be an equivalence relation on Sft. Let r also denote the natural mapping of 3ft onto the quotient space Y. Assume r regular in the sense of §11 of [5] . Then μ induces a natural measure ~μ on Y. LEMMA 1.6 (Lemma 11.1 of [5] 1.7 (Lemma 11.4 of [5] Proof. By (i) of Theorem 1.8 and the uniqueness of direct integral decompositions into irreducible reperesentations for type I groups (see e.g., [2] ), (i) is equivalent to:
(iii) for ζ almost all x 9 β x is absolutely continuous with respect to η.
Suppose (iii) is true. Then the Fubini's theorem and Lemma 1.6 show that:
(iii)' a is absolutely continuous with respect to ζ x rj. Conversely suppose a is absolutely continuous with respect to ζ x r). Let us apply Lemma 1.7 for the equivalence relation r(x, y) = x, μ -ζ x Ύ], υ = a. Since it is clear that μ = η{Y)ζ and μ x = Ύ]{Y)~ιη for every xe X, (iii) follows immediately. The equivalence between (ii) and (iii)' is proved in a similar manner.
To have a more precise statement we must include the multiplicity function. COROLLARY 
Let G and H be as in Corollary 1.9. Let co (x, y) and n'(x, y) be ζ x rj-measurable functions where n'(x, y) is a countable cardinal for every x, y. Then the following are equivalent.
where
Proof. Let α, β x , Ύ y be as in Theorem 1.8. As in the proof of Corollary 1.9, (i) or (ii) imply that a is absolutely continuous with respect to ζ x η. Let f(x, y) be the corresponding Radon-Nikodym derivative. Apply again Lemma 1.7 for the relation r(x, y) = x, μ = ζ x 77, υ -a. As noted in the proof of Corollary 1.9 μ = η(Y)ζ, and μ x -η{X)~ιη for every x in X. On the other hand it is also obvious that ΰ = ζ (see e.g., the connection between a and ζ in Theorem 1.8). Therefore the function λ in Lemma 1.7 satisfies \(x) = dϋ/dμ(x) = η{Y)~\ and the Radon-Nikodym derivative of the corresponding quotient measures is given by
Using again the uniqueness of direct-integral decomposition into irreducible representations for type I groups and taking (1) into account we see that (i) is equivalent to , n r can be described by using the known results on reductive Lie groups, we prefer to use another method which is interesting in its own right and is used to simplify our computations later on.
Let H and K be two subgroups of a group G. Then G is said to be the "generalized direct product 9 ' of Hand Kit:
kh for heH and keK. In the case Hf)K= {id G }. G is simply the direct product of H and K.
Let G 1 and G 2 be two groups. Let Z t (resp. i? 2 ) be a subgroup of the center of G x (resp. G 2 ). Suppose that there exists an isomorphism , 2) . Then it is easy to see that G is the generalized direct product of H 1 and H 2 . Moreover H x and iϊ 2 are isomorphic to G 1 and G 2 respectively.
Under these isomorphisms, t becomes the automorphism h \-+ hr 1 of H x Π H z . Suppose now G L and G 2 are topological groups, Z± and Z 2 are closed subgroups of Gi and G 2 respectively, and t is also a homeomorphism. Then G, equipped with the quotient topology, is a topological group containing f?Ί and iί 2 as closed subgroups. If this is the case we say that G is the topological generalized direct product of G 1 and G 2 via t. Assume that G is a separable locally comact group. If G is the (algebraic) generalized direct product of two closed subgroups H and K, then it can be shown that G is (topologically and algebraically equivalent to) the topological generalized direct product of H and K via the automorphism z \~* z~ι of H Π K. 3 We turn now to the representation theory of generalized direct products. Note that while this notion is a generalization of that of direct products, it is also contained, in part, in the theory of group extensions. PROPOSITION Proof. We first remark that the map H'h i-> G'h{h e H) is a homeomorphism of H\H onto G\G which intertwines the actions of H byright translations. Moreover it transforms a quasi invariant measure μ of H'\H into a quasi invariant measure μ of G\G. 4 For every function / from G into ^, put f = f \ H . Then /t-»/ is an isometry of the Hubert spaces μ ξ> v and ^^V H ' in § 1. In fact it sets up an equivalence between mά G^G V and the representation (2) . The fact that W 2 is equivalent to a multiple of V \ κ can be checked directly or by using Theorem 12.1 of [5] .
The following corollary is useful for later application (4) 7| no* = mult of Conversely let χ be any character of H and V be any irreducible representation of K satisfying (4) 
Proof. Let U be an irreducible representation of G in the Hubert space φ. Since H is abelian it is contained in the center of G.
Therefore by Schur's Lemma U(h) -%(h)I where χ(h) is a complex number and I is the unit operator of φ. It is clear that χ is a character of H. Let φ' be a nonzero closed subspace of $ which is invariant under U(k), keK. Let W be the component of K on φ' then W(k) = χ(k)Γ, keHf]K
where Γ is the unit operator of φ\ Hence g -hk\-^χ(h) W(k) is a well-defined subrepresentation of U. Thus φ' = φ. This shows that U \ κ is irreducible. The converse is clear.
NGUYEN-HUU-ANH COROLLARY 2.4. G is of type I if and only if K is.
We shall apply these results to the subgroup G nv ..., nr . First we shall recall some facts on the representation theory of SL(n, C). Let ϋΓ % (resp. D n ) be the subgroup of SL(n, C) consisting of all uppertriangular (resp. diagonal) matrices. Let χ be a character of D n9 then χ extends uniquely to a one-dimensional representation of K n which induces to an irreducible representation of SL(n, C) (see [3] and [4] ). This representation is called the element of the nondegenerate principal series of SL(n, C) corresponding to χ and denoted by T*. Since the dual D n of D n is parametrized by Z w-1 x R* 1 " 1 ([3] , see also [4] 
Recall dp, where dp is the restriction of the Hoar measure of D n .
Proof. Using the decomposition of the regular representation of SL(Ui, C) recalled earlier and Theorem 1.2, we see that the regular representation of H = SL(n LJ C) x x SL(n r , C) can be decomposed Note that we have used the Theorems 1.1 and 1.5. Now by Theorems 1.1 and 1.2 we have is obtained by inducing the one-dimensional representation (m 2 , , p n ) of K n . Since the complement of G Q K n in G has Haar measure zero ([3] ; [4] ) and G 0 Γ\K n -K n _ ulJ we have by applying Theorems 1.3 and 1.1:
ind U {m^-' p^ ~ Tfi iff Σ ?% Ξ i (mod w) .
Note that a direct integral whose components are all equivalent to the same fixed representation is in fact equivalent to a multiple of that representation. Hence (6), Theorem 1.1 and Proposition 2.6 imply that the regular representation of G Q is decomposed as°°T Fo© •• Θ ooWn-i Therefore we can apply Corollary 1.10 and get:
where Σ 1 I in the summation integral over the set of all ( 7) ind U 1 "*"''"** ~ Σ ( t T^'-'^ dp 2 ---dp n
• \ is ίfee summation integral over the set of all
Proof. Corollary 1.10 also gives the decomposition of ind GoTG W t (the notation as in Theorem 3.1). This together with (5) give the desired decomposition. REMARK 1. Since G u n~t and G n -lt 1 are conjugate in G we also get the decomposition of ind Gl n _^G U {k2f '"'°n ) . It turns out to be the same as that of ind^^ lT<7 U {k2> '" r<7n \ hence the two representations are equivalent.
2. A fundamental domain as defined earlier is also a fundamental domain of D n with respect to the action of the permutation group (the Weyl group) on D n . Since every permutation preserves Σ? &* (mod n), dropping the restriction to the fundamental domain in the right hand side of (7) amounts to repeat every representation occurring there nl times. Therefore the left-hand side of (7) where U % is the element of the principal series of G lt ... >Un2 determined by χ. On the other hand Corollary 3.2 (and its remark) and Theorem 1.1 give the decomposition of the right hand side of (9) into a direct integral of some elements of the principal series of G lt ... Λ , n2+ι . Therefore the Lemma can be done by using an induction on n λ . The detailed computation based on some change of variables similar to that in Theorem 3.5 and will be omitted here.
Let us consider another special case where r = 2, i.e., n = n t + n 2 . Since G» llΛ2 and G %2 Wl are conjugate in G ( [3] ), we can assume n x ^ n 2 . The case n 2 = 1 is contained in Theorem 3.1, hence we can suppose n 2 ^ 2. Put Proof. It is known (see [3] and [4] ) that every element of G except those in a finite number of manifolds of lower dimension can be written as kz, where k e K nj ze Z n (the unipotent lower triangular matrices). Put in the set of all n 2 x n x matrices has Haar measure zero, 7 In other words, for fixed z v and for almost all 2', the equation (11) 
